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Abstract 

In Lorentz- and CPT-violating effective field theories involving scalar and spinor fields, 
there exist forms of Lorentz violation that modify only the scalar-spinor Yukawa inter- 
action vertices. These affect low-energy fermion and antifermion scattering processes 
through modifications to the nonrelativistic Yukawa potentials. The modified potentials 
involve novel combinations of momentum, spin, and Lorentz- violating background tensors. 
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1 Introduction 



In recent years, a significant amount of attention has been paid to the possibility that the 
laws of physics at the most fundamental level may not respect Lorentz and CPT symme- 
tries exactly. While there is thus far no compelling experimental reason to believe that 
Lorentz or CPT invariances are not exact, many candidate theories of quantum gravity 
suggest the possibility of such symmetry violations, at least in certain regimes. The pos- 
sibilities for symmetry breaking include spontaneous breaking in string theory [H |2] and 
elsewhere [3j , mechanisms in loop quantum gravity [U IS] and non-commutative geome- 
try [HI UJ, Lorentz violation through spacetime- varying couplings [HI EE], and anomalous 
breaking of Lorentz and CPT symmetries [9J . 

Because any confirmed discovery of Lorentz violation would be a sure sign of new 
physics — with a fundamentally different structure from anything previously observed — 
this subject remains quite interesting and an active area of both experimental and theoret- 
ical research. Most theoretical work is performed within the context of effective quantum 
field theory. There is an effective field theory known as the standard model extension 
(SME) that contains all possible translation-invariant but Lorentz-violating operators 
that may be constructed out of standard model fields. (Generalizations to include ad- 
ditional fields are straightforward.) Each Lorentz-violating operator that appears in the 
SME Lagrangian is parameterized by a small tensor background tensor [TTj [T2] . If the 
Lorentz violation arises from spontaneous symmetry breaking, these background tensors 
are essentially the vacuum expectation values of tensor-valued fields. Moreover, because 
the existence of CPT violation in a stable, unitary quantum field theory implies that there 
must also be Lorentz violation [T3] , the SME is also the most general effective field theory 
describing CPT violation. 

The most frequently considered subset of the SME is the minimal SME, which con- 
tains only gauge- invariant, local, superficially renormalizable forms of Lorentz violation. 
The minimal SME has become the standard framework used for parameterizing the re- 
sults of experimental Lorentz tests. Recent searches for Lorentz violation have included 
studies of matter-antimatter asymmetries for trapped charged particles [UJ [TSl [TH] and 
bound state systems [T71 [TS], measurements of muon properties [TjJl [2D], analyses of the 
behavior of spin-polarized matter [21], frequency standard comparisons [22j [23j [23J [25] 



Michelson-Morley experiments with cryogenic resonators [261 123 (2H1 [29j [30] , Doppler effect 
measurements [HI [32], measurements of neutral meson oscillations [33 [ [3^ 1 [35 [ [36 1 [37 1 [38] . 
polarization measurements on the light from cosmological sources [321 SOI El H2], high- 
energy astrophysical tests [131 HU HS1 SSI HZ], precision tests of gravity j3SJ H5] , and 
others. The results of these experiments set constraints on the various SME coefficients, 
and up-to-date information about most of these constraints may be found in [50] . 

The least studied sector of the standard model is that involving fundamental scalar 
fields — the Higgs sector. With the advent of the Large Hadron Collider, it appears that 
it is finally possible to see direct evidence of the Higgs boson [5T1 E2]- This naturally 
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opens up the possibility of studying the Lorentz symmetry behavior of interacting scalar 
fields. The era of direct experimental studies of the Higgs particle is just beginning, and 
the theoretical foundation for understanding such studies needs to be prepared. 

There has been a good deal of theoretical investigation into the behavior of scalars 
in the (Lorentz-invariant) standard model — both the fundamental Higgs and composite 
pseudoscalar mesons in the hadronic sector. However, little attention has been paid to 
scalars by theorists studying Lorentz violation. For example, the one-loop renormalization 
of the SME Higgs sector has not yet been studied systematically. Although the one- 
loop renormalization of the Abelian [53], non-Abelian [53], and chiral [55J gauge theories 
with spinor matter that make up parts of the SME were completed some time ago, only 
recently have the corresponding scalar field theories including Yukawa interactions [56] 
received similar treatments. Yet the study of the renormalization of the scalar sector is 
still not complete; gauge theories with scalar matter and theories with spontaneous gauge 
symmetry breaking have not been adequately examined. 

While spontaneous gauge symmetry breaking is one of the most important features of 
the standard model, its complexity has limited studies of SME scalar fields to particular 
sub-topics. In addition to the renormalization of the Yukawa and pure scalar sector 
sectors, the tree- level quantization of the theory in the spontaneously broken phase [5_7J [58] 
and the structure of certain quantum corrections originating in the Faddeev-Popov ghost 
sector [5H] have already been studied. 

This paper discusses how low-energy scalar-mediated interactions between fermions 
and antifermions may be affected by Lorentz violation. At nonrelativistic energies, these 
interactions are described by modified Yukawa potentials. The changes to the Yukawa 
potential induced by Lorentz violation in the pure scalar propagation sector were pre- 
viously considered in ]§U\. However, as emphasized in [5B], the Yukawa sector contains 
Lorentz-violating operators that modify the scalar-spinor interactions. These operators 
can have a much more intricate structure than those considered in [60J. 

The outline of this paper is as follows. Section [2] describes the structure of the Lorentz- 
violating operators that appear in the scalar sector of a Lorentz-violating effective field 
theory. Then section ^examines how Lorentz-violating modifications to scalar-spinor cou- 
plings affect the Yukawa potentials between spin-| particles. The results are summarized 
in section HI along with some additional remarks placing this work in context. 

2 Scalar Sector Lorentz Violation 

The Lagrange density for the minimal SME contains local operators that can be con- 
structed out of the standard model's scalar, spinor, and gauge fields. To maintain super- 
ficial renormalizability, only gauge invariant operators with mass dimensions of up to 4 
are included. In all cases that have been checked explicitly, these conditions are indeed 
sufficient to make the theories renormalizable at one-loop order. (As already noted, the 
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Yukawa theory discussed in this paper is among the cases for which such a check has been 
made.) 

For a single species of Dirac fermion, the minimal SME Lagrange density is 

C f = jiiVdr-MW (1) 
r M = 7 M + = Y + + d""757* + e M + if ^ 5 + \g Xv ^ Xv (2) 
M = m + im 575 + Mi = m + im 5 j 5 + + \f l5lfM + -H^a^. (3) 

These are the only operators satisfying the listed conditions that can exist in a purely 
fermionic theory. The F coefficients are dimensionless, while the M coefficients have 
dimension (mass) 1 . However, some of the coefficients appearing in F and M are more 
interesting than others. Several, such as 777,5, a, and /, may be eliminated from the theory 
by a redefinition of the fermion field (611 [62] . 

Many of the terms present in ([THE]) violate CPT as well as Lorentz symmetry. Of the 
coefficients that cannot be eliminated by field redefinitions, those with odd numbers of 
Lorentz indices are also odd under CPT. However, the coefficients that have even numbers 
of indices are CPT invariant. It is thus possible to break Lorentz symmetry but leave CPT 
intact (although not vice versa). The full discrete symmetry properties of the minimal 
SME operators are discussed in j53j [62] • 

To the fermionic theory may be appended one or more boson fields — of either scalar 
or gauged vector types. This also introduces new possible forms of Lorentz violation. 
However, there is a fundamental difference between the possibilities in scalar- and gauge- 
mediated interactions. In a gauge theory, whatever renormalizable Lorentz violation exists 
in the free fermion sector completely determines the Lorentz violation present at the 
boson-fermion vertex. The same quantity T M appears in both the fermion propagator 
and the vertex, because of gauge invariance. However, the situation is quite different 
in a Yukawa theory. With no additional condition analogous to gauge invariance, there 
is a completely independent set of Lorentz-violating operators that can appear in the 
fermion- scalar vertex. 

With the addition of a scalar field 0, the most general Lorentz-violating Lagrange 
density becomes 

C = j(iF»d, - M)i}> + \(d^)(d^) + l -K^{dA){d^) - - VGW. (4) 

The symmetric tensor K^ u = K v ^ represents the only kind of Lorentz violation that can 
be introduced in the pure bosonic sector with a real scalar field. Much more intricate in 
structure is the operator G appearing in the Yukawa vertex term. G has essentially the 
same structure as the M term in the pure scalar sector, 

G = g + ig'K + G l = g + ig' l5 + I" 7ai + + -L^a^. (5) 
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The terms g and g' are the usual scalar and pseudoscalar Yukawa couplings, while the 
other terms are Lorentz violating. All the coefficients contained in G are dimensionless. 
The tensor term is naturally antisymmetric. The discrete symmetries of the operators 
that make up G are similar to the symmetries of the corresponding operators contained in 
M. If the <fi field is a true scalar, the symmetries are exactly the same; for a pseudoscalar 
field, the parity and time reversal behaviors are opposite between M and G, while the 
charge conjugation properties are still the same. Ultimately, the / and J terms violate 
CPT as well as Lorentz symmetry, while L is CPT invariant. 

While the fact that this rich structure of operators could exist in the spinor-scalar cou- 
pling term was noted as part of the original formulation of the SME, very little attention 
has been paid to the G terms. There has been essentially no calculations of their phe- 
nomenalistic effects, and only recently [56J have the effects of these terms of the one-loop 
renormalization of the SME been considered. 

3 Modified Yukawa Potentials 

Both the K and G terms will affect the Yukawa potentials for interacting fermions and 
antifermions, because both of them appear in the four-point correlation functions that 
describe two-particle scattering. The purpose of this section will be to evaluate the inter- 
particle potentials that are associated with this scattering. Since the K term was already 
discussed in [60], the focus here will be on the effects of the J, J, and L terms that, 
together with the Lorentz-invariant g and g' terms, comprise G. 

In discussing the modified Yukawa potential, we shall only consider Lorentz-violating 
effects that are linear in the SME coefficients. Since Lorentz violation is known to be a 
very small phenomenon physically, higher-order effects should be minuscule. A similar 
leading-order analysis of electromagnetic potentials was conducted in [63] . 

Lorentz violation in the pure fermion sector (and in the fermion-gauge interaction 
sector) is relatively well constrained, at least for the first generation fermions that make 
up the stable constituents of everyday matter. For this reason, we shall neglect the Y x 
and Mi terms (even though some small nonzero Ti and Mi terms could be generated 
from Gi by radiative corrections |56j). 

However, if the coefficients of the operators involved were not too small, the forms of 
Lorentz violation described by Ti and Mi would affect fermionic scattering in a significant 
way. These pure fermion sector terms would affect both the amputated matrix element for 
the one-boson exchange process that dominates low-energy scattering and the dispersion 
relations for the external particles, which would in turn affect the kinematics of a reaction. 
In fact, the changes to scattering and decay rates due to changes in particle velocities and 
available phase space may be as large as or larger than the changes arising from Lorentz 
violation in the invariant matrix element itself [64"| |65| [66] . 
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3.1 Spinor Products 



When r x and M 1 are neglected, it is possible to use standard external fermion and an- 
tifermion spinor states for the calculation of a matrix element. Since the behaviors of the 
G operators depend in nontrivial ways on the spins of the external particles, it is simplest 
to perform the matrix element calculation using explicit spinor eigenstates. Using the 
Dirac-Pauli basis for the Dirac matrices and a relativistic normalization convention, the 
Dirac spinor u s (p) (corresponding to momentum p and spin s) is 



Us(p) 



2E(E + m) 



2m 



is 



where, £ s is a two-component spinor. In the nonrelativistic limit, this becomes 



'2m 



is 
2rn^ s 



(6) 



(7) 



Using the explicit spinors, it is possible to calculate the fermion bilinears that appear a 
scattering amplitude. In particular, if the external particles are nonrelativistic, so that 
terms with more than a single power of p/m may be neglected, 



u s >(p')Gu s (p) = 2m 



is' > C' 



2m 



(9 + *7s</ + Gi) 



£ 

T. 

- 2m 



(8) 



(Pj + P'MUs - itjkiiPk ~ p' k )C' a iis ~ MPj + I>'j)CojL 



-L 



i(Pj ~ p'MUs ~ e jk i(pk + p' k )t,\i(Tit, s 



(9) 



If the two fermions involved are of different species, direct scattering is the only possible 
channel. We shall henceforth assume that the particles involved in a scattering event are 
indeed distinguishable. However, in the scattering of identical particles, the usual method 
of replacing the scattering amplitude f(9, 0) with f(9, 4>) — f(n — 9, n + 0) will give the 
correct result. 

For antiparticle scattering, we shall similarly assume that the annihilation scattering 
channel is not available, and only a single diagram contributes to the potential. We may 
also take advantage of the fact that v s {p) = ^U-. s {p), where the subscript — s on the spinor 
u{p) indicates a spinor with spin projections that are opposite those of u s {p). Then we 
have that 

v s {p)Gv s ,(p') = -w_ s (p)7 5 G , 7 5 w_ s /(p / ) (10) 
= -2m(g - I )il s i- S ' + ig'(Pj ~ p'j)i- s (Jji-s> + 2m(Jj - e jM L k i)^_ s a j ^ s/ 

-h (pj + p'MUZ-s' + itjkliPk ~ P k )£l s (Tl£-s> - MPj + P'M-s^ji-s' 



J 0j 



i(Pj -p'M-sC-s' + €jki(pk + Pk)€-s<ri€-s> 



;n) 
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The remaining products of Pauli spinors can be simplified further. The inner product 
£L S £_ S ' simply equals = S ss >. However, because of the spin reversal present in £_ s , 
the matrix element £_ s aj£,- s > is equal to — £],erj£ s . 

Note that present in OH]) [and ( II ip ] are almost all the possible vector structures that 
can be constructed at first order in the momenta. There are three independent three- 
vector operators that may be constructed: the total momenta along the incoming and 
outgoing lines from a vertex (p + p'), the momentum transfer {q = p — p'), and the spin 
operator (<?). Each of these three may form a dot product with an isotropy-breaking 
background vector; either of the momentum observables may form a dot product with the 
spin; or there may be a triple product with a background vector, the spin, and one of the 
momenta. The only possible structures that are missing are contractions of the momenta 
and spin with symmetric, traceless three-tensors; however, these structures cannot exists 
because there is no such symmetric, traceless tensor that can be constructed at first order 
in G. 

The terms involving background three-vectors manifestly break isotropy. Moreover, 
Lorentz boost invariance normally prevents the appearance of the p + p' terms. The 
dependence on the average velocity v av = \{y + v') (where v av ~ v ~ v' is of course 
the passing velocity in a glancing collision) requires making reference to a single absolute 
frame, in which the velocity is evaluated. In contrast, no such absolute frame of reference 
is required to determine the difference v — v', which appears in the Lorentz-invariant 
theory in conjunction with the pseudoscalar g' term. 

3.2 Fermion Potential 

For the scattering of two nonidentical fermions, with the exchange of a single scalar boson 
between them, the matrix element is 

iM = u a s , a (p' a )G a u a Jp a ) 2 ~l u b s M)G b u b Sb (p b ). (12) 

a a qZ _ ^Z _|_ le b b 

The indices a and b denote the identities of the species involved. However, for simplicity, 
we shall assume that there is only Lorentz violation for one species of particle (the one 
labeled a). Including Lorentz violation for both is a straightforward generalization. We 
shall consider both scalar and pseudoscalar couplings for the second particle, however. 

For nonrelativistic scattering, the interaction may be described using a potential, such 
that 

V(f) = J 703^^(9), (13) 

in the limit where go = 0. The integrand involves the usual scalar Yukawa amplitude 
proportional to l/(<f 2 + /i 2 ), as well as terms with additional factors of qj. The spatial 
extent of the interactions is therefore determined by the Yukawa potential function and 
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its derivative, 



m = (M) 

e _Atr / 1\ 

9i(r) = d j f(f) = — \^i+-)x j - (15) 

Although higher powers of q (and thus additional spatial derivatives) will be largely 
neglected in this paper, we notice that the next order term is 



hjk(r) = djdkf(r) 



Aixr 2 



1\ . / H 2 3/x 3 



H + - ) 5 jk h + -7 XjXfc 



iy ^"2 tyt 3 



+ ^ 3 (f%*. (16) 



Spatial potentials with this shape already appear in the Lorentz-invariant theory, coming 
from terms with pseudoscalar g' couplings at both vertices. It is also possible to have a 
first-order Lorentz-violating potential with this shape, if one vertex involves a G\ term 
and the other vertex a g' . 

The function / contributes to that part of the potential that comes from vertex terms 
in which q does not appear. These generate a potential 

V f (r) = [{g a + J ) - Ij^Jj - MvDtf + Jtf + e jkl Lj(v a av ) k at}g b f(f ). (17) 

The terms in square in brackets in (fT7j) comes from the vertex with the a species, while 
the gb term comes from the b vertex. The species labels are omitted on the Lorentz 
violation coefficients, since there is assumed to be no Lorentz violation in the vertex with 
the b species. The scalar g and three-vectors Jj and Lj marked with tildes denote the 
combinations 

~g = g + h (18) 
Jj = Jj + tjkiLki (19) 
Lj = Loj = —Ljo, (20) 

which are the combinations are that observable in experiments with nonrelativistic fer- 
mions conducted in a single Lorentz frame. They are analogous to the tilde-marked 
coefficients defined in other sectors of the SME, although the ones defined in (fTBT - ISO"]) 
are defined to be dimensionless, unlike the tilde coefficients in other sectors, which most 
typically have units of mass. These combinations of indistinguishable terms exist because 
the leading order fermionic matrix elements of even Dirac operators (which involve only 
the large components of the Dirac spinors) are unchanged when multiplied by 70. So if S 
is an even operator, the nonrelativistic matrix elements of £ and 7o£ are identical. Note 
however, that different combinations exist for antifermions, because 70 is equivalent to 
— 1 in the corresponding matrix elements for antiparticles. 
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Despite the existence of these degenerate combinations, the structure of the physical 
matrix elements of G is still quite a bit richer than the corresponding structure for matrix 
elements of M. Because M appears in the bilinear propagation Lagrangian for fermion 
species, its physical matrix elements always involved particles with identical incoming 
and outgoing momenta. So a matrix element such as u s r(p)Mu s (p) lacks any terms that 
depend on p — p' . 

The part of the interaction potential with the more complicated gj(r) spatial depen- 
dence arises from those terms in the scattering amplitude with just a single factor of qj. 
This factor can appear at either vertex. At the a vertex, either a Lorentz-violating term 
or the g' a coupling may be responsible; or at the b vertex, there may be a coupling g' b . 
Taken together, these terms generate a potential 



V 9 (r 



2m n 



fjb 



2m b 



9 ~ hKv)i 



-U<v)kO a k + Jk<4 + £klnL k K v ) l( T a n 



9'A\9 3 \r 



(21) 



For completeness, we may mention the potential term that arises when a factor of q 
appears at both vertices. This potential has the spatial shape hjk(r), so that 



V h (f 



Am a m b 



9atf - Lj - ejinhvl {g'b^l) h jk {f). 



(22) 



However, this is not a complete description of the potential at this order. Other terms 
with multiple factors olp/m have also been neglected (for example, in the normalization 
of the Dirac spinors). 



3.3 Antifermion Potential 

The one-boson scalar exchange also generates potentials between antifermions and other 
particles. We shall now look explicitly at the case where the species-a particle is an 
antifermion, while the species-6 particle remains a fermion. The two species are still 
different, so there is no annihilation scattering. In this case, the potential is derived from 
a matrix element similar to ( TT2"]) : 

iM = -vl(p a )G a v a s ,(p' a ) ~ % , u b s ,(p' b )G b u b Sb (p b ), (23) 

q f£ ~\~ ia 

with the usual overall minus sign for antiparticle scattering, coming from the fields' anti- 
commutation. This cancels the overall minus sign from (TTUj) . 

There are additional minus signs associated with the I and L terms. These can be 
read off directly from the explicit expression ( II ip . However, they can be derived most 
straightforwardly simply by noting that exactly those operators associated with / and L 
are odd under fermion-antifermion charge conjugation. 



S 



Therefore, the the potentials, up to linear order in p/m, are 



Vf(r] 



2m n 



9'a a j + L j + tjkihtf 



9b 



2171b 



T + hK v ) k 



(24) 



(25) 



Because of the sign changes associated with charge conjugation, two additional linear 
combinations of coefficients are relevant for nonrelativistic experiments with antiparticles: 



9 = g-h 

Jj — Jj ~ tjkiLki, 
where the star superscript notation continues to follow [50] . 



(26) 
(27) 



4 Conclusions 

The potential Vf + V g provides a description of the 0(p/m) nonrelativistic interactions 
between two fermion species — one with Lorentz violation present in the scalar-spinor ver- 
tex and one without. For a Lorentz-invariant fermion and Lorentz- violating antifermion, 
the equivalent potential is Vf + V*, which is related by charge conjugation in the Lorentz- 
violating a sector. The Lorentz-violating structure of these terms is evident in several 
ways. Dependences on specific projections of the spin and momenta break spatial isotropy, 
and structures such as v av ■ a break boost invariance. 

Naturally, further generalizations are also possible. There may be Lorentz violation 
at both vertices, and accounting for this possibility is entirely straightforward, as are 
accounting for the additional diagrams that appear when the external particles are as- 
sociated with the same species. However, it is possible that the Vf and V g potentials 
may not actually include the predominant effects, even when the momentum transfer in 
a collision is very low. The g' a g' b term in Vh is 0(p 2 /m 2 ), but it is Lorentz invariant; so it 
would be no surprise if that term were substantially larger than Lorentz-violating terms 
that are nominally lower order in p/m. The g' a g' b term is in fact the dominant term in 
standard model interactions involving pseudoscalar mesons when parity violation is small. 

Lorentz violation for the external fermion states has also been neglected, although 
if such Lorentz violation exists, it will modify the interparticle potentials further. The 
purely fermionic Ti and Mi terms in the SME Lagrangian were neglected because such 
terms, which would affect freely propagating fermions, are rather well constrained for first- 
generation species. However, Lorentz violation in the scalar sector is separate matter. The 
physical Higgs sector is only beginning to be explored, and the Lorentz invariance of the 
Higgs interactions is still an open question. However, the effects of Lorentz violation in 



9 



the scalar sector on the Yukawa potential have already been studied [60J. The effect of a 
(CPT-even) tensor K^ u is to modify /(r) to 



When the vertex interactions involve the Lorentz-invariant g' term, K leads to further 
modified versions of the derivative 



The modified gf{r) is not needed in the ^-dependent terms that are themselves Lorentz 
violating; any resulting changes to the potentials calculated in section [3] would be higher 
order in the small Lorentz violating coefficients. 

Of course, scalar-mediated interactions are not limited to nonrelativistic energies. Fur- 
ther understanding of the possible effects of G\ interactions at higher energies is also 
desirable, and it is at higher energies that scalar interactions involving the physical Higgs 
will presumably be studied. The existence of a four-component Higgs multiplet, coupled 
to gauge fields, further complicates this question, and physical predictions will need to be 
teased out of this complicated theory. 

However, the present study has already demonstrated several important properties 
of the Lorentz- violating operators that form G\. In most sectors of the SME, there are 
operators that are not physically observable. However, all the terms that compose G 
appear in the nonrelativistic potentials, making observable contributions to the energy. 
While it may not be surprising that terms from G, which only affect interactions, not free 
particle propagation, cannot be eliminated from observables in the same fashion as 1715, 
a, or /, neither is it obvious that such is the case. 

The potentials derived in this paper also provide a fairly general formalism for study- 
ing violations of fundamental symmetries in low-energy, potential-dominated interaction 
processes. As noted in section 13.11 most of the observables than can be constructed at 
0(p/m) are included in the potentials, and those that are not included cannot descend 
from a renormalizable relativistic quantum field theory. The study of symmetry violation 
in low-energy processes is an active area of hadronic research, and it may be possible to 
place constraints on completely new SME parameters through studies of meson-mediated 
interactions between baryons. 






- + - Xj x k xi - - + -5 ( S ikXi + 6jix k ) . (29) 
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